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Abstract. Assume that X is a surface over an algebraically closed field k. 
Let X be obtained from X by blowing up a smooth point and let L be the 
exceptional curve. Let coh(X) be the category of coherent sheaves on X. In 
this note we show how to recover coh(X) from coh(X), if we know the object 
OUL). 



1. Introduction 

Assume that X is a surface over an algebraically closed field k. Let X be obtained 
from X by blowing up a smooth point and let L be the exceptional curve. Let 
coh{X) be the category of coherent sheaves on X. It is an interesting question to 
recover coh{X) from coh{X) provided we know N = Ol{L). 

The reason why we prefer to take N as our basic object instead of Ol is the 
following. Let a : X X he the projection map. Then clearly Ra^N — 0. So in 
some sense coh{X) should be obtained from coh{X) by dividing out N. 

This does not quite work on the level of abelian categories, but it does work 
on the level of derived categories. In it is shown that in an appropriate sense 
D''{coh{X)) = D''{coh{X))/[N]. Hence to find coh{X) we have to put a t-structure 
(l) oni:i''(coh(X))/[A^]. It is easier however to proceed sligthly differently. From the 
fact that Ra^Ox = Ox one deduces that Ra^La* is the identity on D''{c6h{X)). 
Hence La* defines a full and faithful embedding of D^(coh(X)) in £)^(coh(X)). Let 
S be its essential image. Then according to ||^ we have 

S = {Ae D^{coh{X)) I RHom(yl, N) ^ 0} 

So we have to put a i-structure on S whose heart is coh{X). The solution to this 
problem is a follows. Define the following categories 

T = {T e coh(X) I Hom(T, N) = 0} 

T ={F coh(X) I VT e r : Hom(T, F) = 0} 

Following 11 we define a "perverse" t-structure on D^{co\i{Xy) by 

= {B e P<o I H\B) e T} 

'Dl^^{BeV>_,\H-\B)eT} 

Then we have our main result. 

Theorem 1.1. The perverse t structure on D(co\i{X) induces a t-structure on S 
and the heart of this t-stucture is precisely coh{X). 
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It doesn't seem obvious to give a version of this result which does not refer to 
derived categories. 

Below we will give an abstract version of the construction outlined above. The 
reason is that exactly the same construction may be performed in the non-commutative 
case in order to find an inverse to the non-commutative blowing up introduced in 
|6[ 0. The details of this more general case will be pubhshed elsewhere. 

After this paper was finished I have been informed by Bondal that he has inde- 
pendently obtained a similar result (unpublished) . I also wish to thank Bondal for 
reading a first version of this manuscript and for pointing out an error. 



2. Tilting 

In this section we outline a construction from Q . Let A be an abelian category 
and let (T, !F) be a torsion theory in A. This is by definition a pair of full additive 
subcategories of A such that for every T ^ T, F ^ T one has Hom(T, F) = and 
furthermore for every A there exists a (necessarily unique, up to ismorphism) exact 
sequence 

(2.1) O^T A-> F ^0 

with T <eT, F e 

From these conditions it easily follows that 

(2.2) T = {T e A\yF e T : Hom(r, F) = 0} 

(2.3) T = {F e A\yT eT : Hom(r, F) = 0} 

Thus T = and = T^, with obvious notations. Under suitable finiteness 



conditions (like A noethcrian) (2.2) (2.3) imply (2.1) 

Tilting allows one to construct a new abelian category B with the roles of T and 
T interchanged. Below let V stand for D^{A). One defines 

Vl„ = {Be V<o I H°{B) e T} 

^{Be P>-i I H-\B) e J^} 

("p" stands for perverse). It is trivial to verify that this defines a t-structure on V 
(using the axioms in [Q, §1.3]). Below we will denote the corresponding truncation 
functors by t^q and r>Q. 

Let B = n be the heart of this i-structure. It follows that this is an 
abelian category. Let {T',!F') be the essential images of JF[1] and T is B. Then it 
is easy to see that {T',!F') is a torsion pair in B. We will call B the tilting of A 
with respect to the torsion theory (T, JF) . 

Remark 2.1. Contrary to what one would expect, it is in general not possible to 
recover A from B. In order for the role of A and B to be completely symmetric one 
needs additional conditions. See 10. 



Remark 2.2. If A is noetherian then this will not in general be the case for B. Let 
A be the category of finitely generated abelian groups and let T, !F be respectively 
the ordinary torsion modules and torsion free modules. 

Since A is hereditary all objects are of the form F ®T for T € T and F ^ J^. 
Similarly any object in D^{A) will be the sum of its homology. So every object in B 
will be of the form F[1\®T. It is now a simple matter to verify that RHom(— , Z[l]) 
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defines an equivalence between B and A°^^. Since A is noetlierian but not artinian, 
B will be artinian, but not noetherian. 

3. The formalism of semi-orthogonal decompositions 
The material in this section is taken from 

Let I? be a triangulated category and let B, C be two strict full triangulated 
subcategories of V. {B,C) is said to be a semi- orthogonal pair if Homx)(-B, C) = 
for B eB and C G C. Define 

B-^ ^{AeV\yB eB: Rom-viB, A) = 0} 

is defined similarly. 

The following result is a slight variation of the statement of Lemma 3.1]. 

Lemma 3.1. The following statements are equivalent for a semi- orthogonal pair 
{B,C). 

1. B and C generate D (as triangulated category). 

2. For every A (zT) there exists a distinguished triangle B A C with B E B 
and C E C. 

i. C — B^ and the inclusion functor i^: : B ^ T) has a right adjoint i' : V ^ B. 
4. B — and the inclusion functor j „ : C — s- I? has a left adjoint j* : T) ^ C 

If one of these conditions holds then the triangles in 2. are unique up to unique 
isomorphism. They are necessarily of the form 

(3.1) iJ-A ^A^ j^j*A 

where the maps are obtained by adjointness from the identiy maps lA v A and 
j* A — > j* A. In particular triangles as in 2. are functorial. 

Remark 3.2. The notations {i*,i' , j*, j*) are purely symbolic and shouldn't be in- 
terpreted as direct and inverse images. In fact in the main application below will 
be given by an inverse image! 

If a pair (B, C) satisfies one of the conditions of the previous lemma then we say 
that it is a semi-orthogonal decomposition of P. For further reference we note the 
following diagram of arrows 

j* i' 

(3.2) C ^ B 

j* i* 

In the following lemma we give some relations between these arrows. 
Lemma 3.3. One has : 
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In the sequel we will slightly extend the meaning of the notion of semi-orthogonality. 
Assume that we have functors 

C ^V^B 

which are fully faithful. Assume furthermore that the essential images of B and C in 
T> are semi-orthogonal in V. Then, if no confusion can arise, we wil also call {B, C) 
is a semi-orthogonal pair in V. Similarly for a semi-orthogonal decomposition. 



4. Abstract blowing down 

Let fc be a field, and let ^ is a noetherian fc-linear abelian category. As before 
V stands for D''{A). Below we sometimes need RHom(— , — ) between objects in 
D^{A). In order to compute this we let A be the closure of A under direct limits 
m and we identify D''{A) with D'^{A). We then compute RHom in the latter 
category, which is possible since A has enough injectives. 

Let N be an object of A satisfying the following properties. 

1. RHom(iV,iV) = k. 

2. For all A G ^ and for all i one has dim Ext' (A, iV) < oo. 

3. cdHom(-, A^) < 2. 

4. The functor Ext^(— , A^)* is representable. 

We will show in this section that it is possible to define a abstract analogue of the 
construction outlined in the introduction. 

Associated to A^ we define a torsion theory in ^ by T = {T G ^ | IIom(r, A^) = 
0} a.ndT = T^. 

L 

The functor — Cg)A^ going from Dj{k) to V has a left adjoint given by RIIom(— , A^)* 
Furthermore the appropriate composition of these functors is the identity by con- 

L 

dition 1. So — ® A^ is a full faithful embedding of Dj{k) in V. According to lemma 



3.1.4. we can now construct a diagram as in ( p.2| ) 

D''f{k) ' V ' S 

where 



R 



RHom(-,A)* L 



5 = {A G P I RHom(A, A^) = 0} 
So L : iS — > I? is the inclusion functor and and R is its right adjoint. 
Theorem 4.1. Define 

s>o = vl^ns 

Then (5<o,5>o) is a t-structure on S. 

Proof. The only non-trivial axiom is [0, §1.3(iu)] which says that for X ^ S there 
should be a triangle (A, A, _B) with A G iS<o and B G S>i. Now we claim that in 
fact t^qX G S and r^^X G <S. This clearly shows what we want. 
We need some preparatory work. 

Lemma 4.2. If A e T then Ext^(A, A^) 0. 
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Proof. Let M be the object representing Ext^(-,7V)*. Assume Ext^{A,N) ^ 0. 
Then 

^ Ext2(A, N) = Hom(M, A)* 
The proof is complete if we show that M e T. However this is clear since 

Hom(M, N) = Ext^(7V, TV)* = □ 
Now apply Hom(— , A^) to the triangle 

This yields 

(4.1) Hom*(r|oX, A^) = Hom'+i(T|iX, iV) 
It is clear that 

(4.2) HomXr^o^,iV) for i < 

and by the previous lemma together with Condition 3. we also have 

(4.3) Hom^ (Tj;^X, A^) = for j > 2 



Combining (yj)(^)(|j) yields Yioxa'{T%X,X) = 0, Hom^ (r^^X, AT) = for all 



This finishes the proof. □ 

Let C be the heart of the i-structure on S. We view C as the abstract blowing down 
of A^ in A. So object in C are represented by complexes 

A = (A_i ^ Ao) 

such that = ker 9 ^ IF and iJp = coker 9 ^ T satisfying in addition RHom(A, A^) 
0. 

One problem we have not be able to resolve is the following. 

Question 4.3. In the generality above does one necessarily have that C is noether- 
ian? If not, what additional conditions are necessary? 

5. The commutative case 

What remains to be checked is that in the commutative our hypotheses are 
verified, and furthermore that we get the correct answer. 

So let us return to the situation from the introduction. So X is a surface over 
an algebraically closed field k and X is obtained by blowing up a smooth point p. 
So we have a commutative diagram 

L > X 



p > X 

where L is the exceptional curve. We put A = coh{X), N = Ol{L). Other 
notations will be as above. 

To verify the hypotheses we note that they can all be verified in a neighborhood 
of p. Whence we may assume that X is smooth. As a next step we will replace X 
by a smooth compactification. Then condition 2. is clear and conditions 3,4. follow 
from the sophisticated version of Serre duality 

Ext*(C/, V) = Ext^-'{V,uj^ ®o Uy 
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Condition 1. follows easily from the long exact sequence for Hom(— , Ol{L)) asso- 
ciated to the short exact sequence 

According to |^ we have a semi-orthogonal decomposition 
-®Ol{L) Ra^ 



D){k) D\coh{X)) i:>''(coh(X)) 

RHom(-,Oi(L))* La* 



Thus if we put 



S = {A(^V\ RHom(A, N) = 0} 



it follows from lemma 3.1 that there are inverse equivalences 

S D){coh{X)) 

La* 

The canonical i-structure on D^{coh{X)) induces a i-structure on S. We have to 
show that it coincides with the one we have defined earlier. That is we have to 
show that 

S<^ = La*{D\coHX))<o) 
S>o^ La*{D''icohiX))>a) 

Since S>o = and similarly for I?''(coh(X))>o it suffices to verify the first of 

these equalities. 

Let us first show "c". Since iS<o C S and La*Ra^ is the identity on S it suffices 
to show that Ra^,S<o C Z3^(coh(X))<o. To this end it suffices to show that if 
AeT then R^a^A = 0. 

The triangle 

La*Ra^A A ^ RHom(^, N)* ® N ^ 

obtained from (|t]) yields H^{La*Ra^A) = 0. Now H^{La*Ra^A) = a*R^a^A. 
If R^a^:A 7^ then also a*R^a^,A ^ (since a is surjective) and we obtain a 
contradiction. 

Now we prove the opposite inclusion. Let T G D^{cq\\[X))<X). Clearly La*T G 
iSn2?<o. Furthermore 

Hom(i7°(La*r),iV) = Hom(La*T, A^) = Hom(T, i?a*7V) = 

whence H'^{La*T) G T. This proves what we want. 
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